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Fig. 2 Interaction of vortex pair and crosswind shear, initialized by
Eqs. (2) and (3).

active turbulence,which tends to destabilize the vortex pair. On the
other hand, convection is known to be the dominant factor in early
stages of the vortex development,and � ow patterns similar to those
shown here have been found repeatedly,more recently in modeling
the interactions with thick shear layers.9

Conclusions
Based on the convection of thin vortex sheets, it has been shown

that aircraft vortices can temporarily intensify in the presence of
crosswind shear. An aircraft following another one may, thus, be
subjected to a stronger vortex than that expected in the wake of the
leading aircraft in a quiescent atmosphere.

Although wake turbulence measurements may soon become a
part of the aircraft airworthiness process, it is believed that still
greater safety of air travel is achievable by minimizing the vortex
intensi� cation in wind shear and by avoiding wake vortex encoun-
ters as much as possible. This may involve guiding the aircraft to
turn into crosswind only when suf� ciently distant from the airports
and equipping them, individually,with wind shear detectors, wake
vortex sensors, and other suitable warning devices.
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Effect of Leading-Edge Cross-Sectional
Shape on Nonslender Wing Rock
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Introduction

R ECENT experimental results,1 obtained in low-speed wind-
tunnel tests, showed that the high-alpha rolling moment char-

acteristics of a 45-deg delta wing are very sensitive to the cross-
sectional shape of the leading edge, especially in regard to the
unsteady aerodynamics. Figure 1 shows the geometric differences
between the two tested delta wing models. The 9.1% thick wing
had a semicircular leading-edge cross section, whereas the thin
(1.25% thick) wing had a sharp-edged, 20-deg double bevel. As
expected, the three-dimensional stall, realized when vortex break-
down reaches the apex,2 occurs earliest on the sharp-edged delta
wing (Fig. 2). For both wings, leading-edge� ow separationwith as-
sociatedvortexsheddingis delayedbyanangleof attack1®v , where
1®v is determined by the leading-edgecross section as follows3:

1®v D tan¡1.tan ®LE cos3/ (1)

where ®LE is the cross� ow angle of attack (normal to the leading
edge) that has to be exceededbeforecross� ow separationoccursand
a leading-edge vortex starts being generated. For the sharp-edged
wing, ®LE D 10 deg. For the thick wing, ®LE is determined by the
nose roundness4 (Fig. 3). According to the experimental airfoil re-
sults in Fig. 3, one expects that ®LE ¸ 16 deg for the thick wing.
With 3 D 45 deg, these values of ®LE give, in Eq. (1), ®v D 7:1
and ®v ¸ 11:4 deg for the thin and thick wing, respectively. The
1®v ¸ 4:3 deg difference is in basic agreementwith the experimen-
tal results in Fig. 2, showing maximum lift to occur at ® ¼ 20 and
25 deg, respectively, for the thin and thick wing. This implies that
the breakdown progresses with increasing ®eff D ® ¡ ®v at roughly
the same rate in the two cases.
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Fig. 1 Tested nonslender delta-wing models.1

Fig. 2 Effect of leading-edge cross-sectional shape on lift characteris-
tics CL(®) of 45-deg delta wing.1

Fig. 3 Effect of leading-edge cross-sectional shape on airfoil lift char-
acteristics cl (®) (Ref. 4).

Roll-Trim Characteristics
Figure4a shows the rollingmoment characteristicsC`.Á/ for roll-

axis inclinations¾ D 20, 25, and 30 deg of the thin wing, and Fig. 4b
shows C`.Á/ for roll-axis inclinations¾ D 25, 30, and 35 deg of the
thick wing. At ¾ D 20 deg, the thin wing has stable trim points at
Á ¼ 0 and 40 deg (Fig. 4a). The correspondingresults for the thick
wing at ¾ D 25 deg show only one stable trim point, at jÁj ¼ 50 deg
(Fig. 4b). When the roll axis is inclined to ¾ D 25 and 30 deg, the

Fig. 4a Rolling moment characteristics of 45-deg delta wings1 sharp
leading edge.

Fig. 4b Rolling moment characteristics of 45-deg delta wings1 round
leading edge.
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Fig. 5a Roll-angle time history of 45-deg delta wings1 sharp leading
edge.

Fig. 5b Roll-angle time history of 45-deg delta wings1 round leading
edge.

thinwing has only the stable trim point at Á ¼ 0 (Fig. 4a). In contrast,
Fig. 4b shows that at ¾ D 30 deg the thick wing adds a stable trim
point at Á ¼ 0 to the one existing at jÁj ¼ 50 deg. At ¾ D 35 deg, the
trim point at jÁj ¼ 50 deg is lost, leaving only the one at Á ¼ 0 for
the range ¡90 · Á · 90 deg, as was also the case for the thin wing
at ¾ D 25 and 30 deg (Fig. 4a).

Roll-Oscillation Characteristics
The thin wing, released from Á ¼ 28 deg at ¾ D 20 deg, trims

out at Á ¼ 42 deg (Fig. 5a), all in accordance with Fig. 4a. (If the
release had been from jÁj < 10 deg, the trim point would have been
Á ¼ 0.) At ¾ D 25deg, the releasefromÁ ¼ 28 deg resultsin damped
oscillationsaround the single, existing trim point at Á ¼ 0 (Fig. 5a).
After the releaseof the thickwing fromÁ ¼ 30degat ¾ D 25deg, the
wing trims out at Á ¼ 50 deg (Fig. 5b), and the release from Á ¼ 10
and 30 deg at ¾ D 30 deg trims at Á ¼ 0 and 50 deg, respectively,
all in accordance with the static trim characteristics (Fig. 4b). The
release from Á D 30 deg at ¾ D 35 deg trims out at the single,
existing trim point at Á ¼ 0 (Fig. 5b).

Thus, the roll-trim characteristicsare as expected for both wings.
The difference between the two wings is the different character of
the roll oscillations around the trim points. In the case of the thin
wing (Fig. 5a), the roll oscillationsare damped in all cases, whereas
in the case of the thick wing only the oscillations around Á ¼ 0 (at
¾ D 30 and 35 deg) are damped (Fig. 5b). The oscillations around
Á ¼ 50 deg at ¾ D 25 and 30 deg are undamped, resulting in limit-
cycle oscillationsof large amplitude.

In the case of the thin wing, the roll oscillations at ¾ D 20 deg
around Á ¼ 40 deg and at ¾ D 25 deg around Á ¼ 0 (Fig. 5a) are
highly damped. In the former case, ¾ D 20 deg and Á ¼ 40 deg, the
effective leading-edgesweep and angle of attack can be determined
as follows:

3.Á/ D 3 § tan¡1.tan ¾ sin Á/ (2)

®.Á/ D tan¡1.tan ¾ cos Á/ (3)

Equations (2) and (3) give the following values for ¾ D 20 deg
and Á ¼ 40 deg: 3.Á/ D 45 § 13:7 deg, ®.Á/ D 15:2 deg. That is,
the leeward wing-half has 58.7-deg effective leading-edge sweep
and will produce roll damping at ®.Á/ D 15:2 deg according to
earlier analysis.5 The dipping, windward wing-half with its 31.3-
deg leading-edge sweep will act as a straight wing with � at-plate
cross section, contributingmodestly to the roll damping according
to the test results6 in Fig. 6. The � ow physics generating the limit-
cycle-amplitude oscillations of the thick wing around Á ¼ 50 deg
at ¾ D 25 and 30 deg were described in Ref. 7 from an analysis of
the experimental results for a thick wing.8 The damped roll oscil-
lations around Á ¼ 0 of the thin wing at ¾ D 25 deg (Fig. 5a) and
the thick wing at ¾ D 30 and 35 deg (Fig. 5b) are in agreement with
expectations.7;8

Fig. 6 Lift characteristics a � at-plate airfoil.6
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Conclusions
An analysis of the high-alpha lateral stability of 45-deg delta

wings reveals that nonslender wing rock can only occur on a wing
with rounded leading edges that trims at a large roll angle. In that
case, the dipping,windward wing-halfwill experiencedynamic un-
damping of the type observed on stalling airfoils, driving the wing-
rock motion. In contrast, when the leading edge is sharp, no wing
rockoccursevenat high anglesof attackand roll becausethe leeward
surface generates a dead-air-typeof � ow that has little effect on the
roll damping and the attached � ow on the windward side generates
suf� cient roll damping to prevent the wing rock from developing.
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Calculating Flight Paths of Not
Necessarily Small Inclination
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Introduction

A LTHOUGH the small � ight-path angle approximation ade-
quately treats routine operationsof propeller/piston airplanes,

its premise often fails to apply to modern jet aircraft with high
thrust/weight ratios and might evenbe de� cient for some maneuvers
(e.g., steeplybankedlow-speedcoordinatedturns)of lightairplanes.
The historical reluctance1 to move beyond the small path angle ap-
proximationwas perhapsonceunderstandable,but is no longer.This
Note presents three graduated improvements (two analytical, one
numerical) that can be used to solve a respectably comprehensive
set (S-1) of aircraft center-of-mass equations of motion whenever
better accuracy is needed. After describing those approximations
and their solutions,sample calculationsusing each level of approxi-
mation are given for two jet aircraftclimbingsteeply at variousbank
angles. The author’s future research plan is to use these enhanced
� ight-pathapproximations,togetherwith improvedmodeling of the
action of constant-speed propellers, to more realistically calculate
tight or quick turn performanceof Civil Air Patrol mountain search
and rescue aircraft such as the Cessna 182 or 206.
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In cases of steady banked � ight, aircraft trajectories are portions
of helices. A given helical � ight path can be described by radius R
of the (right circular) cylinderon which it is wound, angular rotation
rate !, and steady rate of climb or descent Ph. It turns out, however,
that neither is R the � ight-path radius of curvature ½ nor is ! the
airplane’s angular speed PÂ . Exact relationsbetween those two pairs
of variables will be derived next.

Four Graduated Sets of Equations
for Steady Aircraft Motion

The base set of equations we are concerned with, S-1, is

T cos.® C ®T / ¡ D ¡ W sin ° D 0 (1)

L cos’ ¡ W cos ° C T sin.® C ®T / D 0 (2)

L sin ’ ¡ Wv2=g½ D 0 (3)

These equations come from considering forces 1) along the air-
plane’s � ight path, 2) perpendicular to the path and in the vertical
direction,and3) perpendicularto thepathandin thehorizontaldirec-
tion.Those are directionsof thecommon“trihedral” of right-handed
orthonormalvectors Ot; On; Ob of elementarydifferentialgeometry.As-
suming the tie between lift L and angleof attack® givenby a known
relation CL .®/, Eqs. (1) and (2) are essentially in unknowns ® (or
lift L) and ° ; Eq. (3) is in unknowns ® (or L) and ½ .

Set S-1 incorporates assumptions that also apply (with further
speci� c additions) to the three approximations to be considered:
1) no acceleration beyond the centripetal acceleration of a steady
turn; 2) thrust offset ®T , if any, is constant and only in the airplane’s
plane of symmetry; 3) no side forces (only coordinated � ight);
4) no “kineticenergyeffect”; 5) aircraftweight W is constantduring
any single maneuver, as are thrust T , scalar airspeed v, and all of
the rest of the featured variables; and 6) the drag polar is quadratic,
CD D CD0 C K C2

L . The remainder of this section presents the four
equation sets, in increasing order of exactitude, and remarks on
their solutions.Frequent use will be made of standardvariablesand
relations, such as

q ´ 1
2
½v2; L.®/ D q SCL .®/

D.®/ D DP C Di .®/ D qS
£
CD0 C K C2

L .®/
¤

(4)

often with additionalsubscripts to indicate the approximationbeing
considered.

Small Flight-Path Angle °s (and Small Angles of Attack), S-4

This approximation is zeroth order in angles of attack—
cos.® C ®T /

:D 1 and sin.® C ®T /
:D 0 and treats angle ° as small

in the sense that cos°
:D 1 but sin ° remains intact. The effect is

to disentangle lift L from ° and immediately give one of the three
needed solutions as

L s D W= cos ’ (5)

(Subscript s is for small � ight-path angle.) Using the second of
Eqs. (4), one gets

Ds D qSCD0 C
K W 2

q S cos2 ’
D DP C Dis (6)

Because Eq. (1) is now approximated as

T ¡ Ds ¡ W sin °s D 0 (7)

we have a second and more important solution as

sin °s D .T ¡ Ds/=W (8)

where it is understood that .T ¡ Ds / ¿ W . It is only left to solve
Eq. (3), understandinga somewhat de� cient L ¼ Ls , to get ( just as
for level steady coordinated turns)

½s D
Wv2

gLs sin ’
D

v2

g tan ’
(9)


